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» To define transrational numbers.
« To parameterise the family of rational rotations.

« To specify exact computation of rotational sensor data.
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- Computation: General Linear.

o Transrational: Numbers.
Arithmetic.
Trigonometry.

. Sensors: Rotational.
« Conclusion

« Questions
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Computation: General Linear

 General linear computations can be performed exactly
using rational arithmetic - up to machine limits.

- However, no convenient parameterisation of the
rational rotations currently exists, so we will develop
one.

« We will use the parameterisation to specify exact
computation of rotational sensor data.
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Transrational: Numbers

e Nullity, ® = 0/0.
o Infinity, o« = 1/0.

o Transrational numbers, 7' = Q U {D, oo }.
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Transrational: Numbers

 The equivalence of transrational fractions n/d 1s given
by the standard equivalence of rational arithmetic

(EQ 1) and the standard sign convention of rational
arithmetic (EQ 2).

nid, = nyd, (EQ1)
tsgn(n,) = sgn(n,) and £sgn(d,) = sgn(d,) (EQ 2)

 These equations falsify all monstrous equivalences.
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Transrational: Numbers

@ 1s disjoint from all other transrational numbers, so it
1s 1ts own canonical form.

. oo 18 chosen as the canonical form of all fractions with
a zero denominator, other than ®.

« The standard canonical form of rational numbers is
adopted.

 This completes the definition of the transrational
numbers.

Page 7 of 23

© James A.D.W. Anderson, 2002. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

lence

Equ

1va

Transrational

« Here x, y € Al

(Q\ (Q\ @\ @\ @\ (Q\
JA _O — — — — — — o
e L L L L O T e L R
(Q\ (Q\ @\ @\ @\ (Q\

= 1O —_ = = = =] - N
T L eI L L O L T L T i e

(@ (@ (Q\ (Q\ (@ (@
() _ _V/ 17 17 1, 1, 17 17 (@\|
T L L LR L T L eI e R

(Q\ (Q\ @\ @\ (Q\ (Q\
el | y — — — — — — o
T L L L L B L eI I R

(Q\ @\ @\ (Q\ (Q\ (Q\
V_A _ _V/ 17 1., 1., 17 17 17 (@\|
i e i L e T Ll T e

(@ (Q\ (Q\ (@ (@ (@
x _ _V/ 17 1, 1, 17 17 17 (@\|
T Lo Lo e Lo L O T R

= _ (Q\ @\ @\ (Q\ (Q\ (Q\
y — — — — — — (@\|
S SO S LS LS (SO S 1SS S

(Q\ @\ @\ (Q\ (Q\ (Q\
x | y 17 1., 1., 17 17 17 (@\|
i L LR L L o I L

T

|~ -~ )

Il < ™I ™ N
SN N EN S N P o
TR IRISIKNIR |
= [~ =~ O O = |~ |

James A.D.W. Anderson

Exact Numerical

Presentation to SPIE 2002

Page 8 of 23

© James A.D.W. Anderson, 2002. All rights reserved. Home: http://www.bookofparagon.com


http://www.bookofparagon.com

James A.D.W. Anderson

Exact Numerical

Transrational: Arithmetic

 The operations of rational arithmetic are applied
syntactically to fractions with the results reduced to
lowest terms as defined above.

(a,b)+ (c,d) = (ad+ bc, bd)
(a,b) X (c,d) = (ac, bd)

—(a, b) = (-a, b)

(a,b) " = (b, a)

» Thus rational calculations produce the same result in
transrational arithmetic and are disjoint from @ and oo.
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Transrational: Arithmetic

« We assume o > ().

» We adopt the ordering relationship of rational
arithmetic applied syntactically and reduced to lowest

terms. That 1s, with x, y € T

x>y x—y>0
« An ordering of T follows. Let g = n/d, g € Q, then
co—q =1/0-n/d = (1d-0n)/(0d) = d/0 =
1/0 = >0,

« That 1s o > ¢g. In other words, infinity 1s a point at
infinity on the real number line.
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Transrational: Arithmetic

« Nullity i1s not equal to any other transrational number,
so 1t lies off the real number line augmented by
infinity.
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Transrational: Trigonometry

 Following Euclid, all of the integer roots of
p?+ g% = r? are given in terms of integers n, d by:

p = d*—n? g = 2dn r = d*+n?

« We 1dentify p and g respectively with the x and y
Cartesian axes, then, without loss of generality, we let

d > 0 and identify the triangle p'q'#' with all triangles
pqr identical over a positive dilatation:

p' = p/k q" = q/k r=r/k

« Where £ 1s the largest common factor of p, ¢q, r; or
else £k = 0 whenr = 0.

© James A.D.W. Anderson, 2002. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson

Exact Numerical

Presentation to SPIE 2002

Page 13 of 23

Transrational: Trigonometry

« We now see that the transrational numbers n/d encode
all p', q', r'.

o Firstly, ® = 0/0 encodes the trivial solution

! ! !

p=q =1 =0.

« Secondly, = = 1/0 encodes:
p'=-1,q" =0, = 1.
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Transrational: Trigonometry

o Thirdly, rational n/d gives n and d relatively prime.
Because kn, kd with k € Z gives:

p = (kd)*—(kn)* = k*(d*—n?)
g = 2(kd)(kn) = k*(2dn)
r = (kd)?+ (kn)? = k*(d* +n?)

. And k2 is a common factor eliminated by the
dilatation, so fractions with a common factor are of no
interest.

- All fractions have now been considered, so the
transrational numbers encode all p', ¢', r'.
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Transrational: Numbers

« Transrational numbers are the solutions to the
Euclidean equation.
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Transrational: Trigonometry

 The paper defines a function pgr that generates p', ¢',
r' from a transrational number ¢:

par(¢) —» (p', q', ')

« Analogously to the cyclicity of trigonometric functions

over 27, the transrational trigonometric functions are
cyclic over 4.

» The transrational trigonometric functions are fixed for
t = O,

« The transrational trigonometric functions include the
rational trigonometric functions.
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Transrational: Trigonometry

« The inverse function arcpgr of pgr is:

q/(r+pH),p=0

arcpqr(p', q', r') =
Par(p’ @) {2pty(q')q'/(r'p'),p<0

« Here pty is the parity function of an integer z:

1,z=20

-1,z<0

pty(z) = {
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Transrational: Trigonometry

« The transrational trigonometric functions are:

cosq(n/d) = p'/v secq(n/d) = r'/p'
sinq(n/d) = q'/7 cscq(n/d) = r'/q'
tanq(n/d) = q'/p' cotq(n/d) = p'/q'
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 The inverse transrational trigonometric functions are:

arccosq(p'/r') = arcsecq(r'/p') =

arcpqr(p', ¥ (' +p") (' —p"), ')

arcsing(q'/7') = arceseq(r'/q') =

arcpqr(~/(r' +¢")(*' - ¢'), ¢, ")

arctanq(q'/p') = arccotq(p'/q') =

arcpqr(p', q’, Jp'2 + q'2)

 These are exact when the integer square root 1s exact.

Page 19 of 23

© James A.D.W. Anderson, 2002. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson

Exact Numerical

Transrational: Trigonometry

« When the above integer square root 1s not exact, the
floor of the root gives a close rational approximation to
the 1rrational solution.
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Sensors: Rotational

« A real or virtual rotor in a sensor can be calibrated,
down to atomic levels, in terms of the radius of the

rotor, 7’, and the x- and y- displacements, p' and ¢', by
using interferometry.

 The parameter ¢ of the rotational position of the sensor
is then given by:

q/(r'+tp),p=20

t = arcpqr(p', q',r') = { . Ve
2pty(q') —q'/(r'=p"),p<0
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Sensors: Rotational

. In a calibrated sensor the computation of 7 is exact,
except for sensor error, so subsequent general linear
computations are accurate precisely to the physical
limits of the sensor.

« You can’t have tighter error bounds than that!
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Conclusion

o Defined transrational numbers.
 Parameterised the family of rational rotations.

 Specified exact computation of rotational sensor data.

Page 23 of 23

© James A.D.W. Anderson, 2002. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


